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Abstract. The dynamics of cosmological anisotropies is investigated for Bianchi type I universe filled by
a relativistic matter represented by the reduced relativistic gas model (RRG), with equation of state
interpolating between radiation and matter. Previously it was shown that the interpolation is observed
in the background cosmological solutions for homogeneous and isotropic universe and also for the linear
cosmological perturbations. We extend the application of RRG to the Bianchi type I anisotropic model
and find that the solutions evolve to the isotropic universe with the pressureless matter contents.
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1 Introduction
The standard cosmological model describes a universe
with homogeneous and isotropic geometry. The matter
contents is described by a set of cosmic fluids satisfying
some equations of state (EoS). The inhomogeneities are
allowed only in the form of small perturbations, which
define most of the observables which are used to define
most of relevant observables. We know that the spectrum
of CMB, Large Scale Structure, BAO and other obser-
vations demonstrate the correctness of this description,
that is the dynamics of perturbations proves that the ex-
panding universe is very close to homogeneity and isotropy
of expanding universe at the sufficiently large scale. The
question is whether universe was “born” isotropic and ho-
mogeneous or it became such due to some internal mech-
anism at the early stage of its evolution. The complete
analytical description of the possible anisotropies and non-
homogeneities of the early universe is impossible. There-
fore the standard approach is to assume certain sym-
metry of the metric tensor. For instance, homogeneity
and isotropy are possible symmetries. In formulating a
more general metrics one of the possibilities is to consider
an anisotropic but homogeneous space-time. The pioneer
work [1] explored the case of the metric anisotropic in
two space directions with a given group of symmetries, in
the universe filled by dust, while [2] dealt with the spe-
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cial cases of locally rotationally symmetric and shear-free
dust.
The homogeneous models can be grouped by the pos-
sible space symmetries given by the Bianchi classification,
which is based on the Lie algebras satisfied by the Killing
vectors or, equivalently, the structure constants of the hy-
persurface’s tetrad system [3]. The first possible space of
this classification, called Bianchi type I, has three Killing
vectors corresponding to the three spatial translations.
Due to the simplicity of the Bianchi-I metric, it was exten-
sively used in anisotropic cosmological models, including
the Kasner vacuum solution [4]. More sophisticated cos-
mological models based on other types of Bianchi classi-
fication, are possible. One can mention, for instance, the
renowed works on the Bianchi type IX models by Belin-
skii, Khalatnikov and Lifshitz [5,6], and the Mixmaster
universe model by Misner [7,8], which shows a chaotic be-
haviour.
One of the main questions concerning anisotropic
cosmological models is whether the universe could be
anisotropic in the early epoch and evolve to be isotropic?
It is certainly interesting to identify a mechanism which
could be responsible by such an isotropization. It is highly
desirable to have a maximally simple description of such
a universe, such that further analysis of the perturbations
could provide an observational evidence of isotropiza-
tion. Some of mechanisms of this kind consist from the
analysis of the asymptotic behaviour of solutions with
isotropic classical fluids [9,10] (see also [11]), viscous and
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anisotropic stress tensor [12], primordial magnetic field
[13,14] and quantum effects in primordial universe [15,
16].
In what follows we concentrate on the Bianchi-I
model. From the mentioned references we know that the
speed of isotropization of the metric may depend of the
EoS of the contents of the universe and, in particular, is
different for matter or radiation. The situation is qual-
itatively similar to the dynamics of metric and density
perturbations on the isotropic background, but we do not
need to treat anisotropies as small perturbations.
Usually, the EoS is assumed to be a linear relation
between pressure and energy density, p = ωρ, with a
constant ω. The value of ω corresponds to the type of
a fluid. For example, ω = −1 means cosmological con-
stant, ω = 0 dust and ω = 1/3 radiation. According to the
recent data (see, e.g., [17] and [18]) the present-day uni-
verse is dominated by non-luminous sources, such as Dark
Matter (DM) and Dark Energy. It is most likely that the
DM is a gas of weakly interacting massive particles, while
the main candidate to be Dark Energy is the cosmolog-
ical constant. The observational data show that most of
its history universe was very isotropic, and therefore the
isotropization should occur very early. Since in the past
the universe was much hotter than now, the contribution
of the cosmological constant to the overall energy density
balance at the epoch of isotropization was very small [19].
At the same time, regardless the mass and warmness of
the DM particles are unknown, the DM is supposed to
be very hot in the early universe and then to became rel-
atively cold at the later stage. Therefore it makes sense
to explore the isotropization mechanism for the case of a
universe filled by baryonic and dark matter, which are hot
in the early universe and dust-like in the present epoch.
The simplest appropriate description for the particles in
a very early universe is the ideal relativistic gas of mas-
sive particles. Perhaps the most useful representation of
such a gas is through the Reduced Relativistic Gas model
(RRG), which provides a simplified approximation to the
Maxwell distribution.
The EoS of RRG was originally invented by A.D.
Sakharov in the famous 1966 paper [20], to interpolate
between radiation and dust regimes. In this work the inter-
polating EoS has been used for the first derivation of the
CMB spectrum, but the details of how to obtain the EoS
of the model were not given. More recently RRG model
was reinvented by our group in Refs. [21,22]. The main
advantage of this model includes the fact that the solu-
tions for the background cosmology can be obtained in a
closed, analytic form for a wide class of models including
RRG and other fluids [23], while the EoS is very close to
the one of the relativistic gas of ideal particles [21]. Con-
sequently RRG has been used for a simplified evaluation
of the bounds of warmness of DM [22,24], description of
energy exchange between matter and radiation and for an
overall rough estimate for the cosmological observables in
the model with the running cosmological constant [25].
In the present work we apply RRG to describe the
isotropization of the universe in the transition period when
the matter contents of the universe is in the transition
from the radiation to the dust EoS. We will follow the
classical works [9,13], but instead of dealing with radiation
and dust cases separately, consider the RRG fluid which
interpolates smoothly between the two regimes.
The paper is organized as follows. In Sec. 2 we present
a new derivation of the EoS of the RRG [20]. This new
derivation is instructive and more formal than the pre-
vious one in [21]. In Sec. 3 we formulate the equations
describing the dynamics of Bianchi type I model in the
universe filled by RRG. Sec. 4 describes the simplest ap-
proximation for solving these equations. In particular it
is shown that the previously known radiation and dust
cases represent the limiting cases of the new system of
equations. The solution in the general case of RRG can
be possible only by means of numerical methods, as de-
scribed in Sec. 5. Finally, in Sec. 6 we draw our conclusions
and describe the perspectives for the further work.
2 Reduced relativistic gas: equation of state
Let us consider the EoS for the RRG model in a way
different from [21]. The model describes ideal relativistic
gas of massive identical particles. The main simplification
compared to the Ju¨ttner model [26] (see also the book
[27]) is that within RRG particles have identical kinetic
energies. This assumption make the EoS very simple and,
in particular, provides great simplification in cosmology,
both at the background and perturbations level [20]. At
the same time, the difference with the EoS of the Ju¨ttner
model, derived on the basis of Maxwell distribution does
not exceed 2.5% [21]. For the cosmological applications,
since Ju¨ttner model and, in general, an ideal gas of identi-
cal particles, is certainly just an approximation, the RRG
is perfectly justified and useful model.
The derivation of EoS in [21] is very simple, one can
say it is at at the high-school level. Let us present a little
bit more formal scheme of deriving this equation in the
flat Minkowski metric, which enables one, in principle, to
evaluate the difference with the Ju¨ttner model analyti-
cally.
The number of particles N is evaluated on a three-
dimensional space-like hypersurface with the normal vec-
tor nµ, with the hypersurface element area dσ. The general
expression for a non-degenerate gas composted of identical
particles is [28]
N =
∫
dσ d4p nµp
µ f(x, p) δ(p2 −m2), (1)
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where p2 = (p0)2 − δij pi pj. The distribution function
f(x, p) depends of space-time coordinates and momenta,
denoted by x and p. Taking the integral over dp0 and using
the properties of the delta function, we get
N =
∫
dσ
d3p
p0
nµ p
µ f(x, p). (2)
For the constant time hypersurface nµ = δµ0 and dσ = d
3x
we arrive at the expression
N =
∫
d3x d3p f(x, p). (3)
The RRG corresponds to the ansatz for for distribution
function,
f(x, p) = C δ(E − E0), (4)
where C is a normalization constant, E = p0 =
√
p2 +m2
and E0 is a constant energy of a gas particle. Using the
expression for distribution function in (3), one can easily
obtain
N = C
∫
d3x dΩ dE E
√
E2 −m2 δ(E − E0), (5)
where dΩ is the solid angle element. From the last expres-
sion, one can determine the constant C, leading to the
final form of the distribution function,
f =
n
4piE0
√
E20 −m2
δ(E − E0), (6)
Here n = N/V is the concentration (number of particles
per volume) of the gas. The expression for the energy-
momentum tensor is [3,28] (see also brief derivation in
the Appendix)
T µν =
∫
d3p
pµpν
p0
f(x, p). (7)
In the reference frame of an observer with four-velocity
uµ the projection of the energy-momentum tensor onto the
hypersurface with normal vector uµ leads to the energy
density ρ and pressure p. According to Ref. [11],
ρ = uµuνT
µν , p = −1
3
hµν T
µν , (8)
where hµν = ηµν − uµuν . In case of a comoving reference
frame, in which observer has the four-velocity uµ = δµ0
with the distribution function (6), the expressions (8) be-
come
ρ = nE0 and p =
n(E20 −m2)
3E0
. (9)
Defining the rest energy density ρd = nm, the pressure
and energy density are related by the expression
p =
ρ
3
(
1− ρ
2
d
ρ2
)
, (10)
which is nothing else but the EoS of the RRG model [20,
21]. It is easy to see that this EoS interpolates between
radiation, p ∼ ρ/3, at high energies, when ρ2 ≫ ρ2d, and
dust p ∼ 0, at low energies, when ρ2 ≈ ρ2d.
3 Bianchi-I type cosmology with RRG
Consider the anisotropic cosmology with the RRG fluid.
Our starting point will be the space of Bianchi-I type, with
the metric of the form [3],
ds2 = dt2 − a21(t) dx2 − a22(t) dy2 − a23(t) dz2. (11)
A useful parametrization of anisotropic metric was intro-
duced by Misner in [7,8],
a1/2(t) = a(t) e
β+(t)±
√
3 β
−
(t) , a3(t) = a(t) e
−2β+(t),(12)
where a(t), β+(t) and β−(t) are unknown functions of
time. In this parametrization
√−g = a1a2a3 = a3 and
the relation between β± and ai is
β+ =
1
6
ln
( a1 a2
a23
)
β− =
1
2
√
3
ln
( a1
a2
)
. (13)
In Ref. [11], within the 1+3 covariant formalism of a sys-
tem of time-like geodesic congruence, the change of a con-
necting vector between geodesics, expressing the relative
distance, is split in the irreducible parts called shear, vor-
ticity and expansion. In particular, the functions β± are
the independent components of a traceless tensor, which
represents the shear. In what follows, we analyse the dy-
namics of gravitational field for the metric (12), generated
by Einstein equations. The matter contents of the uni-
verse is modelled by an isotropic RRG, where pressure is
assumed to be the same in all spatial directions.
The energy-momentum tensor is
Tµν = ( ρ+ p )uµ uν + p gµν . (14)
The conservation equation ∇µ T µν = 0 leads to
ρ˙+ 3H ( ρ+ p ) = 0, H =
a˙
a
, (15)
where the dot means derivative with respect to the phys-
ical time. Let us note that the anisotropy of the metric
does not affect the last equation because of the isotropic
pressure. Eq. (15) can be integrated by using the EoS of
the RRG, yielding the same result as in the isotropic case
[21],
ρ =
√
ρ21
( a0
a
)6
+ ρ22
( a0
a
)8
, (16)
where ρ1, ρ2 and a0 are integration constants.
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As usual, one can distinguish two extreme regimes in
the solution (16). In the case ρ1 ≪ ρ2, one meets the ultra-
relativistic case, that is RRG demonstrates radiation-like
behaviour. On the other hand, for ρ1 ≫ ρ2, RRG behaves
like a dust.
Now we are in a position to consider the Einstein equa-
tions for the Bianchi - I metric. According to Ref. [12], the
Einstein tensor, Gµν for the metric (12) assumes the form
G0 0 = 3H
2 − 3( β˙2+ + β˙2− ) ,
G1 1 = −3H2 − 2H˙ − 3
(
β˙2+ + β˙
2
−
)
+
+
( d2
dt2
+ 3H
d
dt
) (
β+ +
√
3 β−
)
,
G2 2 = −3H2 − 2H˙ − 3
(
β˙2+ + β˙
2
−
)
+
+
( d2
dt2
+ 3H
d
dt
) (
β+ −
√
3 β−
)
,
G3 3 = −3H2 − 2H˙ − 3
(
β˙2+ + β˙
2
−
) −
−2
( d2
dt2
+ 3H
d
dt
)
β+. (17)
The Einstein equations are given by Gµν = 8piGTµν .
For an isotropic Tµν tensor, Einstein equations can be
rewritten such that the pressure of matter does not enter
the equations. Following [12], we define the new quantities
G+ =
1
6
(
G11 +G22 − 2G33
)
,
G− =
1
2
√
3
(
G11 −G22
)
, (18)
yielding significant simplifications compared to (17),
G± = β¨± + 3Hβ˙±. (19)
Einstein equations boil down to1
G+ =
8 piG
6
(
T11 + T22 − 2T33
)
,
G− =
8 piG
2
√
3
(
T11 − T22
)
. (20)
Furthermore, since we assume isotropic energy-
momentum tensor, T11 = T22 = T33 and
G± = 0. (21)
Finally, 00-component of Einstein equations, together
with Eqs. (21) and (19), yield
H2 − (β˙2+ + β˙2−) = 8piG3 ρ (22)
and 3H ˙β± + β¨± = 0. (23)
A first integral of (23) can be easily found in the form
˙β± = γ± a−3, (24)
1 Eqs. (20) also follows from the variation of the Einstein-
Hilbert action with respect to β±.
where γ± are integration constants. The last result trans-
forms (22) into an equation for the conformal factor of
isotropic expansion a(t). Defining useful constants Γ and
φ,
γ+ = Γ cosφ , γ− = Γ sinφ , (25)
we arrive at the generalized form of Friedmann equation
for anisotropic Bianchi-I metric with RRG matter con-
tents,
H2 =
a˙2
a2
= Γ 2
( a0
a
)6
+
+
8piG
3
ρ1
( a0
a
)4√( a0
a
)−2
+ b2 , (26)
where b = ρ2/ρ1 is the warmness parameter [22]. The
specific new element compared to isotropic cosmological
model is the first term in the r.h.s.. This term has the ul-
trarelativistic a−6 scaling feature and hence it is irrelevant
for the late cosmology. At the same time, it may be quite
relevant in the early universe. Due the new term, caused
by anisotropy, the very early universe behaves according
to
a ∼ t1/3 , (27)
different from the radiation-dominated universe. It is well-
known that the same dynamics of the conformal factor can
be achieved in the isotropic plane universe with an ideal
fluid with EoS p = ρ. In order to see this consider the
EoS p = wρ, with constant w. Using the conservation law
results in ρ = ρ0a
−3 (w+1). By comparing this result to the
first term of the r.h.s of (26), we arrive at w = 1. A fluid of
this kind was called stiff matter, when first introduced by
Zel’dovich [29]. We have seen that this EoS results from
integrating anisotropies at the early stage of the evolution
of the universe.
The solution of Eqs. (24) can be expressed as
β±(t)− β0± = γ±W (t), W (t) =
∫ t
t0
dt′
a3(t′)
. (28)
In this expression t0 correspond to the initial moment of
time and β0± are integration constants. One can notice
that both β±, with exception of the integration constants,
will lead to a same functional form. After W (t) is found,
the parameters γ± determine β± and consequently the
metric components by Eqs. (12).
4 Approximations
It is easy to present the solution for (26) and (28) in the
form of quadratures, however the integrals are not elemen-
tary functions and the qualitative analysis becomes cum-
bersome. Therefore, in order to have better idea about the
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physical output of these equations, we split the derivation
of the scale factor dependence into two different consider-
ations. In the present section we consider three approxi-
mations, namely, vacuum, radiation and dust. In the next
section we present the results of a numerical solution in
the general case. The radiation and dust approximations
come from the limits of the RRG EoS depending on the
value of parameter b. The approximation for vacuum will
be explained bellow. The considerations in this section are
almost completely non-original and are presented as to
serve as reference for the consequent numerical solutions.
When a(t) is very small, one can keep only the first (stiff
matter of anisotropic origin) term on the r.h.s of (26).
This procedure is equivalent to taking a vacuum solution,
because in this regime we are disregarding the terms com-
ing from the matter contents. Indeed, it is known that for
the evolution of homogeneous and anisotropic models in
the vicinity of the singularity the matter contents has no
much relevance [30] (see also [31]).
The vacuum metric of Bianchi type I is called Kasner
solution. Following [12], we arrive at
a˙2
a2
= Γ 2
(a0
a
)6
, (29)
which can be solved in the form( a
a0
)3
= 3Γ (t− t0). (30)
Setting a0 = 1, the equations (28) can be integrated, yield-
ing
β±(t) = β
(0)
± +
γ±
3Γ
ln
( t
t0
)
. (31)
Here β
(0)
± and t0 are integration constants. From the an-
gular relations (25) the functions ak(t) can be presented
as
ak(t) = (3Γ )
1/3 tpk , k = 1, 2, 3 . (32)
Parameters pk can be written down using notations (25),
p1/2 =
1
3
(
1 + cos φ±
√
3 sin φ
)
,
p3 =
1
3
(
1− 2 cos φ) . (33)
and the line element as
ds2 = dt2 − (3Γ )2/3 [t2p1 dx2 − t2p2 dy2 − t2p3 dz2 ],(34)
The multiplicative constant can be absorbed into the spa-
tial coordinates, providing the standard form [3],
ds2 = dt2 − t2p1 dx2 − t2p2 dy2 − t2p3 dz2, (35)
where the parameters pk, p2 and p3 satisfy the algebraic
constraints
p21 + p
2
2 + p
2
3 = 1, p1 + p2 + p3 = 1. (36)
Finally, in the Kasner solution
a(t) =
[
a1(t) a2(t) a3(t)
]1/3
= t
1
3
(p1+p2+p3) = t1/3.(37)
The approximations for which the analytic solution
can be easily obtained correspond to the ultra-relativistic,
b−1 → 0 or dust, b → 0 regimes. In what follows we con-
sider these two cases separately. Let us note that the gen-
eral form of solutions (28) remains the same independent
on the approximations for the isotropic energy-momentum
tensor.
In the ultra-relativistic case one can perform the ex-
pansion up to the first order in b−1 in (26). Taking a0 = 1,
we arrive at
a˙2 =
Γ 2
a4
+
8piGρ1b
3a2
(
1 +
a2
2b2
)
. (38)
Taking into account the a2/b2-term in the parenthesis,
this is the Bianchi type I model with radiation, which has
initial density expressed by ρ2. This is exactly the classical
result of [9] for the radiation, but we obtained it as a limit
of the RRG solution.
It proves useful to make a change of variables
a =
1
χrad
sinh ξ, κ2rad =
8piGρ2
3Γ 2
, 0 ≤ ξ <∞ ,(39)
in Eq. (26). This results in the relation
dt =
1
Γκ3rad
sinh2 ξ dξ . (40)
Then Eqs. (26) and (28) become the parametric relations
Γt =
1
4κ3rad
(sinh 2ξ − 2ξ) , β± = Γ±
Γ
ln (tanh ξ) .(41)
From the relation between a and ξ in (39), one can obtain
tanh ξ =
(
1 +
1
a2 κ2rad
)− 1
2
. (42)
In case (a2 κ2rad)
−1 is very small, one gets the relation
tanh ξ = 1− 1
2
1
a2 κ2rad
+ . . . . (43)
Consequently, due to the (41),
β± = −
γ±
Γ
[ 1
a2 κ2rad
+ . . .
]
. (44)
In the radiation approximation, if we disregard the term(
a2κ2rad
)−1
, then β± tend to zero for great values of a, and
effectively there is isotropization.
Another way to arrive at the same conclusion is by
observing that when ξ → ∞, we have β± → 0. In the
same limit
sinh ξ ∼ cosh ξ ∼ 1
2
eξ (45)
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and dominate in the Eq. (41). Using (39),
t ≈ 2a
2
κrad
, (46)
which yields the standard expression for the isotropic ra-
diation dominated universe,
a =
(2piGρ2
3Γ 2
)1/4√
t. (47)
This expression means that the role of anisotropy is neg-
ligible for the evolution of the scale factor and hence we
have isotropization.
Let us now consider the limit a ≫ b, which means a
dust-dominated universe. The solution of the dynamical
equations (26) and (28) for dust is simpler than for the
radiation-dominated case [12] and was originally obtained
in [32]. Here we will try to arrive at the same result by
taking the corresponding limit in the general solution for
RRG, which interpolates between radiation and dust.
The solutions of Eqs. (26,28) for a(t) and β±(t) are
given by
a3 =
3Γ
tI
t
(
t+ tI
)
, β± =
γ±
3Γ
ln
( t
t+ tI
)
. (48)
Here
tI =
4
3Γκ2dust
and κ2dust =
8piGρ1
3Γ 2
(49)
are constants. The solutions (48) in the dust-dominated
approximation can be considered in two different asymp-
totic situations. The first one is t ≪ tI , which implicates
in the expansions
a3 = 3Γ
[ ( t
tI
)2
+ t
]
,
β± =
γ±
3Γ
ln
[ t
tI
(
1 +
t
tI
+ . . .
)]
. (50)
Disregarding terms with powers greater than two, the so-
lutions tend to the Kasner expressions (30) and (31).
In the second case t≫ tI one can use the same scheme
as before, but now making expansion in the powers of tI/t.
In this way we obtain the standard solution for the dust,
with a ∼ t2/3 and β± → 0. Following the same logic as in
the radiation case, we conclude that the behaviour in the
late times demonstrates isotropization.
5 Numerical Solution
Let us consider numerical solution of the dynamical sys-
tem of Eqs. (26) and (28) without assuming high- or low-
energy approximations. Exactly as it was done in the pre-
vious section, we consider a simplified model with one fluid
described by RRG and the anisotropy which enters the
general energy balance by means of the stiff matter energy
density. It proves useful to express the solution in terms
of initial values of the relative energy densities parameters
Ω
(i)
an and Ω
(i)
RRG, defined by
Ωan =
Γ 2
H2
, ΩRRG =
8 piGρ1
3H2
√
1 + b2 = 1−Ωan.(51)
The subscript (i) denotes the values of the parameters
in the initial moment of time. Our purpose is to evaluate
the isotropization of the universe starting from the initial
moment of time t = 0, when a(0) = ai = 1 andH(0) = Hi.
Therefore, in the initial instant of time the values are Ω
(i)
an
and Ω
(i)
RRG, corresponding to H = Hi in (51).
It proves useful to define the dimensionless time vari-
able τ = Hit. In this way we arrive in the equations
a˙2
a2
=
Ω
(i)
an
a6
+
Ω
(i)
RRG
a4
√
1 + b2
√
a2 + b2,
β˙± =
√
Ω
(i)
an γ±
Γa3
, (52)
where the dots mean derivatives with respect to τ ,
The value of Ωan(t) measures the amount of
anisotropy, such that greater values correspond to higher
degree of anisotropy. As before, b is the warmness parame-
ter of the RRG matter. In the nowadays universe the value
of Γ is very small implying in a very small value of Ω0an.
The warmness b today is bounded from above by approxi-
mately 0.001 for the dominating fluid, namely for the Dark
Matter [25]. Indeed, in the early universe when Ω0an was
significant, the warmness could have a large value. The
framework of RRG enables one to see how the warmness
affects the time of isotropization, that is the typical time
of transition from large value of Ω
(i)
an to a small value at
the later period.
The second equation in (52) can be expressed via the
angular parameter in (25). This angle becomes relevant
only in the vicinity of the singularity, when the metric
can be approximated by the Kasner solution, and in the
subsequent numerical analysis it will not play much role.
Let us present the numerical solutions for different val-
ues of the warmness parameter b using Mathematica soft-
ware [33]. We used the initial conditions a = ai = 1, β+ =
10, β− = 15, such that Ω
(i)
an = 0.99 and Ω
(i)
RRG = 0.01 at
τ = 0. In all plots the scale factor and anisotropy measure
Ωan are compared with the plots for the cases of vacuum,
radiation and dust, by assuming the same initial values
of Ω(i)’s. The Figs. 1 and 2 clearly shows that RRG be-
haviour tends to Kasner at the early stage of evolution,
and is very close of radiation during some time for both
scale factor and Ωan(τ). In the Figs. 3 and 4, the isotropi-
sation can be observed, because β+ and β− tend to con-
stants. It is easy to see that the isotropization for for RRG
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occurs faster than for the dust-like contents, close to the
rate in the radiation case.
Fig. 1. Plots of scale factors for the initial values of b = 10
and Ω
(i)
ani
= 0.99.
Fig. 2. Plots of Ωani(τ ) for the initial values of b = 10 and
Ω
(i)
ani
= 0.99.
Fig. 3. Plots of β+ corresponding to the parameters b = 10
and Ω
(i)
ani
= 0.99, while the initial condition β+ = 10.
Fig. 4. Plots of β− corresponding to the parameters b = 10
and Ω
(i)
ani
= 0.99, while the initial condition β− = 15.
For smaller warmness, b = 0.5, one can observe in
Figs. 5-8 another behaviour, when RRG plot is (quite nat-
urally) close to dust.
Fig. 5. Plots of scale factors for the moderate warmness. Pa-
rameters are as follows: b = 0.5, Ω
(i)
ani
= 0.99.
Fig. 6. Plots of Ωani(τ ) for the moderate warmness. Parame-
ters are as follows: b = 0.5, Ω
(i)
ani
= 0.99.
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Fig. 7. Plots of β+ for the moderate warmness. Parameters
are as follows: b = 0.5, Ω
(i)
ani
= 0.99 with the initial condition
β+ = 10.
Fig. 8. Plots of β− for the moderate warmness. Parameters
are as follows: b = 0.5, Ω
(i)
ani
= 0.99 while the initial condition
is β− = 15.
The plots presented above show that the RRG is
perfectly well interpolating between radiation and dust
regimes, as it should be expected. The asymptotic be-
havior of β±(τ) is constant, which means an effective
isotropization of the solutions. Concerning the time of
isotropization, depending on warmness the RRG model
can be closer to dust or radiation.
6 Conclusions
We formulated the framework of RRG model applied to
the dynamics of anisotropy in the early epoch, where the
universe was filled by radiation and matter (baryonic and
dark), which was so hot that has the EoS which interpo-
lates between the radiation and pressureless matter. For
the Bianchi-I universe away from the singularity region
the gravitational theory based on the Einstein-Hilbert ac-
tion provides an isotropization mechanism for RRG, ex-
actly like for both radiation and dust matter contents with
isotropic EoS. This physical situation is a subject of cur-
rent interest, see, e.g., [34]. More complicated spaces may
require a more complicated gravitational theories to ex-
plain isotropization mechanism. We believe that the sim-
ple and efficient RRG model can be useful for describing
the realistic matter contents in these complicated cases, as
it was for the rather simples Bianchi-I universe described
above.
Another potentially interesting application of our
results is related to the cosmic perturbations in the
anisotropic universe, which is not sufficiently well ex-
plored. Since the problem is technically complicated, it
maybe very useful to have a simple albeit realistic de-
scription of the matter contents in the early universe in
the epoch when the isotropization occurs. In this respect
the framework RRG looks perfect, since it is extremely
simple and enables one to quantify the transition from ra-
diation to matter epochs, exactly as it was used in the
pioneer work of Sakharov [20].
As it was expected from the previous works on this
model [21,22,25], the RRG shows the behaviour which is
intermediate between radiation and dust and approaches
one or another depending on the value of warmness pa-
rameter. We have shown that this feature can be extended
to the simplest anisotropic Bianchi-I model.
One of the natural further developments can be re-
lated to the derivation and analysis of density and metric
perturbations in the universe filled by RRG, including the
case with interaction between RRG and radiation [35].
One can expect that RRG would be eventually useful as
a model which helps to explore the observables which can
tell us about the dynamics of anisotropies in the early
universe.
The formalism which was developed in the present
work can be useful for the description of Bianchi I phase
between the two FLRW phases of the history of universe
in the models proposed in [36,37]. In this case the matter
contents of the universe is supposed to be hot and there-
fore the RRG can be helpful in its efficient description.
One can also use the same description of the hot or
warm matter in other approaches to anisotropy, like the
recent consideration of gravity with R2 term [38] or with
the sigma-model like scalar field [39], or even in loop quan-
tum gravity [40].
Appendix. Brief derivation of Eq. (7)
Let us present a very brief derivation of the main expres-
sion for the energy-momentum tensor which was used in
the main text to arrive at the EoS of the RRG model.
More details can be found in [28] and also in [3].
Consider a gas of free massive relativistic particles with
equal masses in the equilibrium state. Once in the comov-
ing frame for each particle T 00 is the energy density, the
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standard arguments show that the energy-momentum ten-
sor of the gas can be expressed as a sum over particles
which are labeled by the subscript a,
T µν(x) =
∑
a
∫
ds δ4
(
x− xa(s)
) pµa(s) pνa(s)
ma
, (53)
and s is an integration over the proper time for individual
particles. Using the definition of Dirac’s delta function,
one can rewrite this expression in the form
T µν(x) =
∫
d4p pµpν f(x, p), (54)
where
f(x, p) =
∑
a
∫
ds
δ4
(
p− pa(s)
)
δ4
(
x− xa(s)
)
ma
. (55)
The expression (54) includes an integral over four-
momenta. As far as each of the free particles satisfies a
dispersion relation p2 = m2 with p0 ≥ 0, one can replace
d4p by the expression
d3p dp0 δ
(
p20 − p2 −m2
)
. (56)
Taking the integral over p0 one has to replace the in-
variant element of integration in four dimensions d4p to
the invariant element of integration in the space sector,
(m/p0)d3p, because the normal vector to the p2 = m2 has
the same direction as pµ [3]. Finally, using the proper-
ties of the delta function leads us to Eq. (7), where the
distribution function f depends only on p.
Let us stress that the distribution function f(x, p) is
defined to be dependent on the motion of all particles. For
the many-body system the use of the methods of Statis-
tical Mechanics, in the case of a thermal equilibrium in
Minkowski space leads to the distribution function of the
Ju¨ttner model. The simplifying assumption of the RRG is
that all particles have the same kinetic energy, and that is
why the distribution function is chosen as a delta function.
As we know from the previous work [21], this approach
provides an excellent approximation to complicated EoS
of the Ju¨ttner model.
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